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On the Determination of the Deck Motion of Aircraft Carriers 
P. A. CRAKTON 

Sfcunty Systms and Avigatwn Rrav.ch 

Electronics Divuinn 

A mrlhod \% prrsrntr«! (or (Irlcimming llir deck moiiKii of ail aii<t,ili tdint-i in irrnt» ol th>- lix.il 
rrtrrrntr ((H>rclina(r svslrm of ihr ship. Drtrrmination of nioiiun is .< prrludr to prrilulion. aiul prr- 

dittion it rrtjuirrd lo fatililalr idf<* Idiicling <>|M-r,ilii>iiv undei' all uralhcr (ondltiom. Boih (Iciritiuna 
turn and prrdulion arr iirtr«\arv in urrmt of the same lot.il lofrrnur (ooidinau- tysirm a« thai IIMII 

by ihr landing ainrafi ihrtnwlvrs 
Ihr finding of ihr dr<k moiion is drlrrminiMu ralhn ih.m UiKhaslu. inatmiuh as ihr prohal>ilil> 

of knowing ihr MM suir al any givrn nine and plair and ihr ship's «l-nannt rrsponsr thnrlo is Irss 
than ihr probahilily of a landing aciidrnl mil (Kcurrin^ Ihr nioiii.n would )>r drlrinnnrd h\ a dil- 
frrrnlial analv/rr solving a s\ .irm of six diffrmilial rquatinns of ship motion Inputs to ihr diHrmitial 
analwrr arr tradings of ihr adrlcromrlrrs and the l.itiludr and longitudr dala ol ihr ship Ihr 
aicrlrromrlrrs arr hxrd lo ihr Ixxfs axrs ol ihr vrssrl, and "stablr platforms" air ihrirforr not rr- 
quirrd (.oinpnlalion is thus |irrforiiird onK h\ rlrdionu mrans 

INTRODUCTION 

There are essentially two ways of determining the deck motion ot aircrait carriers, and these 

two methods basually apply to the determination of the motion of my vehicle. One is a sell- 

contained method, sin h as inertia! or geontagiietu ■ ••"•' du- other is based on the use of ^uide- 
|K)sts such as the sun or the other stars. Iti the guidepost method, sun or stellar trackers would 
be used. If the trackers were optical, however, the method would be foreclosed bv inclement 
weather. If the iidckers were radio telest(>|)e», then the vessel must carry the appropriate an- 
tennas which may not he feasible because of their si/e and dynamics. 

One tould argue that the deck motion of a vessel would IK- known if the characteristic be- 
havior pattern ol (lie vessel were known loi a set of given sin face waveforms of the sea. Such 
characteristic behavior can be ascertained experimentally, but only for the waveforms used in 
the experiments, unless the differential equations of the nonlinear dvnamic system of ship and 
sea can IN- obtained. But this argument would IK- valid only it we could determine the con- 
teni|H»rarv surface waveform of the neighlKiting sea with sufficient precision from the moving 
vessel itself, which is indeed a very difhcull thing to do. The input to the 'black box" must be 
known in order to know its output without measuring that output, even though we assume a 
linear box and know the c harac teristic s of the box. If we were to map the seven seas to determine 
the probabilistic relationships lietween the- surface waveforms and the location and time of the 
year, then, if is argued, the surface waveforms are everywhere and always known. Rut the 
probabilities (assuming that t!>>- stochastu tests are exhaustive) would undoubtedly not be 
greater than the probability cd a carrier-landing accident not occ urring, and a stochastic method 
of determination and hence prediction would therefore not be as useful as a deterministic one. 
I his analysis therefore chooses a deterministic rather than a stochastic approach to the matter 
of deck moiion. 

Of the self-contained methods of deck-motion determination, the conventional mertial 
method has been chosen, because the technologv cd its instrumentation is relatively well ad- 
vanced. The basic equations foi deck motion will IM- set forth. The solutions of these equations 
will he the six generalized coordinates of the carnei deck. An analvsis of the prediction of 
this motion will follow m a subsequent report. It is the prediction of the generalized coordinates 
that is ot inipnii.iiuc in caiiiet-landing npeiations, but we musi lust know what we need lo 

pic-dui. 
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Previous research* at NRL was coruerned wiih the overall problem of Carrier Ali-Weather 
Flying (dAVVF), of which ihe deck-motion problem is a part. Additionally, some measurements 
have been made of the motion of particular vessels {e.g., USS MACON) at sea. Data previously 
obtained n'vt" an indication of the frequency content of the wave motion of the sea and are 
useful in the selection of the numerical parameters of predictors. 

DIFFERENTIAL EQUATIONS OF DECK MOTION 

An inertial system of motion determination requires a geocentric inertial reference frame, 
but the actual carrier landing operation is performed in the context of a local F.uclidean coordi- 
nate system originating at the aircraft carrier and having the local vertical and the two local 
horizontals as its coordinate axes. We therefore require two reference coordinate systems, as 
well as several other coordinate systems. 

Figure I shows what appear to be two sets of Euclidean coordinate systems. One set originates 
at the geocenter, and the other set appears to originate at the aircraft carrier. The set apparently 
originating at the carrier, however, consists of coordinate lines through the carrier that are 
actually part of the set originating at the geocenter. Coordinate system u is the inertial reference 
frame. The coordinate axes of u that pass through the vessel's center are called *'. The local 
vertical at the ship is axis z1; local horizontal axis z* is tangent to the latitude curve of the earth; 
local horizontal axis z3 is tangent to the longitude curve of the earth. The z' coordinate axes are 
those coordinate lines of the gem enter-originating 17 coordinate system that pass through the 
ship's center. Thus T) rotates about the geocenter as the ship moves over the surface of th  earth. 

They' axes are the ship's body axes. Axisy' is the ship's vertical axis, and they1 plane is there- 
fore the plane of the Highl deck; y2 is the fore-and-aft axis; and y1 is the athwartshipaxis. These 
axes are the coordinate lines through the ship's center of the w coordinate system originating at 
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1 iMillllll.lll-   >>Ml'llls 

•Sr«- Ml' hililiiiKi.iphv  .-I ill)  rliil i>l llnv II|MIII 



NRI    KH'OK I   ii'i\S ■> 

the gementer. The w Kxirdirtale system rotates about the geotenter as the ship rolls, yaws, and 
pilches about its (enter of mass. 

The motion of the ship is established if we determine the motion of three notuolinear points 
in the ship. We will choose a point on each of the body axes, and will fix our accelerometers 
directly to the body axes, thus removing any need for "stable platforms." At each point P,„)<>n 
body axisy", and at distance X,,,! from the center of mass of the ship, we will establish a coordinate 
system yui such that eac h axis y,',,, is respectively parallel toy'. The accelerometers are mounted 
at each |>oint such that the axes of the instruments are respectively parallel to the body axes of 
the ship. Since, howevei. the ship has six degrees of freedom and therefore six generalized 
coordinates, only six, rather than nine, accelerometers need be used. At P,n, we will m.tum two 
accelerometers with axes respectively parallel to y2 and y3; at P,^, we will mount two accelerom- 
eters with axes respectively parallel to y1 and y3; and at /*, u, we will mount two accelerometers 
respectively parallel to y1 and y2. 

We will let the e, l>e the base vectors of the u coordinate system and therefore of x as well. 
The a, are the base vectors of the w coordinate system and therefore also of y. and the b, are the 
base vei. tors of the 17 coordinate system and therefore also of x. 

The |M»sition > et tor of the center of mass of the ship is R, and the position vectors of the 
accelerometer |)oints Pla, are respectively r,,,,. We therefore have 

r,,.^ R + A,..,«0 (1) 

and the acceleration of point Plal is therefore 

r(„,= R-t-A,,., iio. (2) 

In terms of the coordinates of |>oini />,„, in the w ccMirdinate system (which is essentially the bodv 
((Mirdinate system), the position vector is 

rlol = «IU^ + X,,., «,„, - «.(M^ -f X,,,, 8i) (3) 

where the w*   are the coordinates of the ship's center.  The velocity of P,a, is therefore 

*,„, = *, i^r) + «(ii/f|-t-Xl(,li„ = i, {^1 Ka,Va) 
+ «*«i;|<., (4) 

and the acceleration is 

if,., = a, u;|r) + 2«, w1^ + a, it^ + X<0, ä. = a, (icjr) + Xlo, S^) + 2a, il^ + a, w'in.       (5) 

Hut 

where the e, are constant, and hence 

•i = «J T—; (b) fiw' 

•'^'^^ (7) 
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Since 

d* Aul 
e' d? M- (8> 

* 
«, = •K-— (9) 

wt obtain rtu 

and 

au;* d1 du> 

In a tanier-landin^ operation, we are inu rested in the motion of the carrier in the context 
of the 17 coordinate system rather than of the u coordinate system. We therefore write 

and 

Thus 

dwk _ dwk dT)m 

Jü* ~ dj)m du* (12) 

duJ _  du' dl)* 

and dt du/' " dTf" dt dw*     dif' dt drj" 

d^du^_ duJ_ d^ dr£     y d_ lüL A d2!l     ^Z! ^L j^ 
dt1 dw' ~ ^TJ" dt1 dw1 +     dl dri' dt 'dw' + dw' dt2 ar)"- (,5) 

The set« of equations of transformation between w and T) and between TJ and u are linear, and 
therefore dwkld,qm and dri'ldu* arc independent of the coordinates themselves and are func- 
tions of the an^es desuibing one coordinate system in terms of the other. The angles between 
w and TJ are their set of Eulerian angles, and the angles between TJ and u are the earth's longitude 
and latitude of the |)ositinn of the ship. I he Kulerian angles between w and TJ define the roll, 
pitch, and yaw of the ship aUuit its center with respect to the local reference coordinate system x. 
They are therefore three of the six generalized coordinates of the ship. The remaining three 
generalized coordinates are the coordinates Tj('ri of the ship's (enter, essentially in its own local 
reference coordinate system. 

Let the ^'(f), i = 1,2,3, be the Kulerian angles. And let f \H.- a spherical coordinate system, 
shown in Kig. 2, originating at the geocenter; £* is the longitude relative to the nonrolating u 
(«Mtrdinate system, and £1 is the latitude, of the vessel's position on the surface of the earth. 

We obtain 

 L-= '—^'' (lb) 
dt üu>      Hv' f^'' 

and 

d. W = J}lui_ ir 

dt H-qn      Hr)* df 
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Fin   2  -  Sphrrual looidmair »vslcm 
for (hr ship's liMj'uin 

Therefore, 

and 

d* dr}m      d (    d1^"    i„\_ d3Tj"        1..1. .     a1!?* 

dt1 du;*      dt \ dm' 36"      I      dw' dA" dS" dui1 df 0' 

rf1 duJ    </ / av   • \ a'uJ      •  ■       d1^   ••  = —      fr \ _   tr ^i +   £ 
dt* dy     d   \dT)"dfrS/     dr)" df d(tS dTj"d^s 

Substituting Eqs. (16) through (19) in Eqs. (14) and (15), we obtain 

d du>      duJ    d»i £du^=dui  3*71»   J „ . ar^   a1^   . r 

«ft a^*    atj" aw* do»        dw' arj" a^r * 

(18) 

(19) 

(20) 

d* du'    du' i     a'rj"      . .        a1?)"   .. \     arj" /     aJuJ      . .       a1«^   .. \ 

dt» a^*    a?)" \a^ a^" a<<>«v v     aw'w* )    au;* Varj" a^ a^« *s     atj"a^r*/' l 

The time derivHtives of the base vet tors ran now be written as 

■< = ■* "T-7 T 
dwk d du* dwidrim/duJ     a'Tj" dr)"    a1«-» 

a« — :  : '■<*'' + 

and 

au-* rft a»'       dr)m duJ varj" ai** a^" 

air* .-z1 auJ        a^* ar)" r a^ /     asTj 

gV   dluJ   ;,\ 
au;1 an" a^r* / 

"'    "* auJ d/» au;'    *' arj" a 

r)" [ du' /     a1«"      . .        axTi"    .  \ —  — ( w + — v | 
u-1 Lat)" Vaif1 a^" a^»v v     a»1 a^" ^ / 

arj" /     a'u-'       . .       av   .. xi 
+ ——I f^ + ^ri 

au,* V.*i7- a^-- af5 5     ar)" a^r^ /J 

(22) 

(23) 
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SulMiituling F.<js. (22) and (23) in V.i\. (5), we obtain 

dwk   dT)m   /(lu*       ^»Tl" dT)*       &U>        ■   \ 

f iU —     I i"^ +  L -'rf»    1 + —L     f rf' 

+^^<"')]t<■+^'8■,■ i24> 
Since 

<>•+ X„„ 8* s ii;r) (25) 

we can neglcd thf last term <»l K(|. (24), and the (<>tn|M>ni'nts <>t 'r,,, are 

duikdT)nidu>     d*v* tV*    d*"'    i\ .. 
A*  =^* + 2 — I :— 6» I- — (r I w1 

""'       "■,        Arim duJ Xd-q- dw* d^" dw' dr)" d^r     /    ,r' 

dir* ari" r du* i     a3Ti"      . .       a»«"   .. \    371» /     a'u-' 

dT)m bu> UTJ" Van;* a^*- a^«v v    ait;* dt» ^)    ?K  va?)" af a^ s % 

+ ^^r— &]   w* . (26) 
arj" a^' 

The actual readings of the acceieromcters are 

bL = *L-*k (27) 

where the gk are the (om|M>nenis in the w nNirdinaie system of the gravitational field intensity 
g. Since components of g are nsualU given in 17, we WIII,

1 

auA 
*k(w) = yt(t))—l (28) 

where the y' are the componenls ol g in 17. 
F.(|iiations (27) are the system of six ditieiential e(|.iations of motion of the carrier deck; 

k, a = 1,2,3, hul a / A. The solutions oi this system ot differential equations are the three 
it'  (f) and the three $(1). The /«*,,(') are the forcing functions of the system. 

The <b'(t) are three of the generalized coordinates of the (airier deck. The remaining three 
generali/ed (oordinales are 

which are functions of the iff..and of the <^'. 

EQUATIONS OF COORDINATE TRANSFORMATION 

The orthogonal transfot mat ions give rise to linear, ec|iKilions of (ooidinaie transformation. 
In order lo obtain the equations of (oordinale ii.msfoi in.iiion iK-lwcen w and 17, we cause 17 to 
undergo three successive finite rotational displ.uemenis «£'.  I he fust rotation is that of r, about 



NKI    KM'IIKr   t>:>lr> 

nJ.^ 

Ki^   3   -   F tiler MM .Midies 

axis T)-' to obtain another Eutiidcan ((Mirdinalc system 17, as shown in Fig. 3a, whose bast- vectois 
are d. This first rotational dispLuernrnt is tht ' st Kwlerian an^le (ft1. The equations oi co- 
ordinate transtormation between 17 and 17 are 

where 

M/)=   " 

tos 01   sin <ftl    0 
sin J^'   10s (ft1    0 

0 0        1 

(30) 

(31) 

The second Kulerian an^le is llu* finite rotational displacenu-nt <^x of 17 about axis 17* to obtain 
the Kutlidean ((K)rdinate system tj (Fi^. 3b), whose base vectors are d.. The equations of co- 
ordinate transformation are 1 

V^VV   \ (32) 

where 

'1 0        ■     0 
(ß;)=   0 (os^1    sin <<»»). 

\0    — sin if»1    cos <f>tJ 
(33) 

The third Kulerian an^le is the finite rotational displacement <ft3 ufrj about rj3 to obtain the 
F.udidean oMtrdinaK system w (Fi^. 3c', whose base vet tors are the a,. The equations of co- 
ordinate transformation are 

ie( = C;V (34) 

where 

/    «os ift3   sin 4>3   0\ 
(Cj) =|- sin^3   «os<<»3   OI. (35) 

\      0 0        1/ 

The overall equations of coordinate transformation between w and 17 are therefore 

w' = V V (36) 
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where 

and therefore 

P - C  B" A" 
j k      m     j 

cos 4tl cos 4>* cos <fts sin </>' 
— cos ^ sin </»' sin «^3     + cos t^* cos tt>1 sin <^3 

(37) 

[- 
(r;) = — sin 0s cos 4>l ~ sin «^:, sin <t>1 

— cos ^* sin <t>1 cos <^3    + cos ^ cos 01 cos <^3 

\ sin 01 sin $* — sin ^ cos 4>l 

The inverse equations of coordinate transformation are 

V = E] »> 

where the matrix (£j) is the inverse of (Pj) and is therefore 

sin 4»* sin <^3\ 

cos 03 sin i^1 

cos 0* y 

(38) 

(39) 

(£]) = 

/   cos i^1 cos <^3 — sin <^3 cos 0' 

— cos $* sin 4>x s'n ^* — cos 0* sin ^ cos </>3 

cos ^3 sin i^' — sin <^3 sin tfr* 

+ cos <^' cos i^1 sin <^3 + cos 0* cos 01 cos <^3 

V   sin ^ sin ^3 cos <^, sin 4>* 

sin <^, sin ^t1^ 

— sin <^, cos 4>x 

cos «^ y 

(40) 

The transformation TJ «-» u is also linear and involves the longitude and latitude angles, 
f* and f3, respectively. In order to derive these equations of coordinate transformation, we at 
first consider the finite rotational displacement of u about u3 through a finite an^le ^1, resulting 
therefore in a coordinate system «|» (Fig. 4). This first orthogonal transformation is 

I^I = u' cos f2 + u* sin f * 

i^1 = — u1 sin ^, + u1 cos f* 

|^3   =   yS^ 

(41) 

We then rotatf i/» through a finite angle f3 about axis i^1, resulting therefore in coordinate 
system 17, as shown in Fig. 5. This second orthogonal transformation is 

TJ
1
 = il»1 cos f3 + i|»3 sin ^3 

T,
3
 - V 

TJJ = - ^1 sin ^3 + i|»3 cos ^3. 

The overall equations of coordinate transformation are 

(42) 

(43) 
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Frg   4  - Orthogonal iranslormatioii 
du«r ui longr;ud<- 

Fig   5  -  Onhogonal transfurmaiion 
due to wtiludr 

where the Wj are 

/   cos ^* cos ^3 sin f*     cos f' sin f* 

(//j) =   l-sinf» cos 4* 0 

V— sin f3 cos ^,      — sin f*     sin f3 cos (*j 

The inverse equations of coordinate transformation are 

«• = K] T,' 

where the matrix (/Cj) is the inverse of (//j), and is therefore 

(cos 4* t(>s ^s    — si" V     ~ sin ^3 cos fA 

sin f3 cos ta        cos ^»     - sin (» sin f3 

sin f3 0 cos (s 

We therefore have 

- P' 

auV 
sf; 

-«j 

-fj 

(44) 

(45) 

(46) 

(47) 
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Upon subsiiiution of K(|s. (2«>) and (2H) in K(|. (27), we obtain the (litinrntial (■({iiutions of 
inoiion of iht* tarricr dec k as 

dw" dTim I rlu>     a*!}"      ■ dri"     ^«u-*      ■\. Sw" ürim duj {       a3?) »-n" 

L^T)" W' a^ a<<>« 
4> »<</>« 

flit'' fli^''       /       dw'  VflTj" rtfr r)^' r)T)" (^r      /J ATJ' 

(A   »= 1.2,3: a »* A) (4H) 

where ihc ^, and f1 ^ivt' rist- to HH-Hiticnts dial are also explic itK drpendcnt on time. 

CONCLUSIONS 

I his rejHirl has presented an analysis ol du-deck motion oi an airc rait (anin and liasdeii\ed 
the system of differential equations ol motion. Motion is asd-itained by du- solution ol the 
system based on acieleromelei leadings and on latitude and longitude data as inputs to the 
system. The aaeleiometers would IK- attadu-d to the body axt-s ol the vessel, and therefore no 
"stable platforms" would bt- requiied. All ((imputation would therelore IK-by t-lfdionu means 
alone. 

Current information on the generalized (oordinatcs ol motion is required in order thai the 
coordinates be predictable in time. Thus the outputs oi the differential analyzer solving the 
system of differential equations become the inputs to a six-channel predictor. 

Motion determination is based on motion measurement rather than on the d.namk response 
of the vessel to a given sea state; the sea state cannot be determined with sufficiency from the 
moving vessel itself, and the behavior characteristics of the ship cannot be adequately pre- 
determined owing to the nonlinearity of the dynamic system of sea and ship. 
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II    AMTHACT 

A method is presented lor determining the tlft k motion ol an aircraft carrier 
in terms of the- local reference coordinate system of the ship. Determination of 
motion is a prelude to prediction, and prediction is required to facilitate safe 
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